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ABSTRACT
Aimed at faster convergence rate, this paper investigates finite-time containment control problem
for second-order multi-agent systems with norm-bounded non-linear perturbation. When topology
between the followers are strongly connected, the nonsingular fast terminal sliding-mode error is
defined, corresponding discontinuous control protocol is designed and the appropriate value range
of control parameter is obtained by applying finite-time stability analysis, so that the followers con-
verge to andmove along thedesired trajectorieswithin the convexhull formedby the leaders in finite
time. Furthermore, on thebasis of the sliding-mode error defined, the correspondingdistributed con-
tinuous control protocols are investigatedwith fast exponential reaching lawanddouble exponential
reaching law, so as to make the followers move to the small neighbourhoods of their desired loca-
tions andkeepwithin thedynamic convexhull formedby the leaders in finite time to achievepractical
finite-time containment control. Meanwhile, we develop the faster control scheme according to com-
parison of the convergence rate of these two different reaching laws. Simulation examples are given
to verify the correctness of theoretical results.

1. Introduction

At present, distributed cooperative control of multi-agent
systems has developed as a research hot issue in different
fields with the rapid growth of wireless communica-
tion networks and intensive exploration of large-scale
systems. Its main task is to achieve significant coordi-
nation behaviours through local interactions among
near neighbours. Distributed coordination control has
received extensive applications, such as self-assembly
robots swarm (Rubenstein, Cornejo, & Nagpal, 2014),
unmanned aerial vehicle formation flying (Wang, Yadav,
& Balakrishnan, 2007), lossy communication network
control (Dong, Wang, & Gao, 2013) and event-triggered
multi-agent networks consensus (Su, Wang, Song, &
Chne, 2017) and so on.

The most basic problem of coordinated control is
to design appropriate protocols and algorithms only
using local relative information to make the consensus
of the states of the agents on certain quantities of interest
(Lin, Qu, Wang, Zhang, & Yu, 2015; Qin, Gao, Hayat, &
Alsaadi, 2014). Being a pioneering research, the nearest
neighbour rules and the general framework of consensus
problems were proposed in Jadbabaie, Lin, and Morse
(2003), Olfati-Saber and Murray (2004).From then on,
scholars have investigated various excellent consensus
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algorithms to solve different consensus problems. The
existing consensus algorithms can be roughly categorised
into leaderless consensus, single leader tracking and
multi-leader containment according to the number of
leaders in the multi-agent systems. The objective of
the containment problem is to drive the followers into
the minimum geometric space spanned by the leaders,
which has potential applications in military search and
fire rescue, where the followers move within the safe
area surrounded by the leaders detecting danger and
obstacles and fulfilling tasks smoothly together. And
different methods were applied to achieve containment
control of multi-agent networks (Cheng, Wang, Ren,
Hou, & Tan, 2016; Deng & Yang, 2016; Klotz, Cheng, &
Dixon, 2016; Li, Duan, Ren, & Feng, 2015; Mei, Ren, Li,
&Ma, 2015; Shen & Lam, 2016). For multi-agent systems
with general linear dynamics, a distributed continuous
controller was designed to make the containment error
uniformly ultimately bounded (Li et al., 2015). And the
containment control problem was considered for multi-
agent systems with communication delays in Shen and
Lam (2016). In Klotz et al. (2016), Mei et al. (2015), the
asymptotic containment control problems were tackled
for unknown networked Lagrangian systems. The devel-
oped controller was robust to unknown disturbance and
uncertain dynamics in Klotz et al. (2016). Distributed
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adaptive control algorithm was investigated by means of
approximation capability of neural networks, with the
containment error reduced to as small as desired in Mei
et al. (2015). Using adaptive technique, distributed fault-
tolerant asymptotical containment control was investi-
gated for linear multi-agent systems with external distur-
bances, non-identical matching non-linear functions and
actuator faults inDeng andYang (2016).Moreover, a con-
tainment algorithmwas proposed including proportional
and higher-order integral terms to solve the containment
problem where the reference trajectories for leaders were
polynomial, and extended to the coordinated control of
a group of mobile robots in Cheng et al. (2016).

For multi-agent systems with different agent dynam-
ics and communication topologies, dramatic progress
has been obtained in asymptotical coordination research
with infinite settling time. However, the finite-time con-
trol has the advantages of higher accuracy and stronger
robustness to perturbations besides finite settling time
(Bhat & Bernstein, 1998; Wang, Chen, Liu, & Yuan, 2009;
Wang, Sun, & Xia, 2012). Therefore, many results have
been achieved on finite-time coordination control from
different perspectives. Using differential inclusion the-
ory, discontinuous control protocols based on sign func-
tions were proposed to obtain finite-time consensus of
multi-agent systems with integrator dynamics in Cortes
(2006) and Hui (2011). Based on the homogeneous the-
ory, the practical finite-time coordinated control prob-
lems were investigated for spacecraft formation flying
and robot manipulators’ synchronous motion in Hu,
Zhang, and Friswell (2015), Zhang, Jia, Du, and Zhang
(2014). Bounded control laws were designed to make
the attitude errors or position ones reduce to a neigh-
bourhood of the origin in finite time in the presence of
external disturbance with undirected connected topol-
ogy. Furthermore, sliding-mode control has been applied
because of robustness to non-linear perturbation and
finite-time convergence (Mobayen, 2015a, 2015b, 2015c,
2015d; Mobayen, Baleanu, & Tchier, 2016). By means
of the principle of sliding-mode control, the distributed
finite-time containment control was achieved for a group
of mobile agents modelled by double-integrator dynam-
ics with norm-bounded external disturbance, under the
topology with undirected communication between fol-
lowers (Wang, Li, & Shi, 2014; Zhao & Duan, 2015). Via
non-singular terminal sliding-mode scheme (Feng, Yu, &
Man, 2002), the non-smooth consensus protocolwas pro-
posed for second-ordermulti-agent systemswith external
disturbances under the fixed topology with undirected
communication between followers (He & Wang, 2015).
The distributed finite-time attitude containment control
problem was investigated with the help of fast terminal
sliding mode (FTSM) control (Yu, Yu, Shirinzadeh, &

Man, 2005) for multi-rigid-body systems with multiple
stationary and dynamic leaders under directed graphs in
Ma, Wang, Min, Liao, and Liu (2015). More interestingly,
in Lu, Xia, and Fu (2016), a novel FTSM control law was
presented to guarantee finite-time attitude stabilisation of
rigid spacecraft with fast convergence rate without any
singularity.

A simple observation is that undirected communi-
cation topologies are considered in most of the existing
works on finite-time containment control and prac-
tical finite-time coordinated control problem. How-
ever, directed communication often occurs due to link
failure and energy consumption. Furthermore, fast
finite-time containment control methods deserve to be
investigated owing to considerable significance of the
convergence rate of containment control in practical
applications, especially for fire rescue and hazardous
material transportation. Thus, motivated by the existing
literatures, we aim to develop several different fast finite-
time containment control schemes for second-order
multi-agent directed networks subjected to norm-
bounded perturbation according to sliding-mode control
thought in the paper. Here, the non-singular fast sliding-
mode control method is employed to consider accurate
finite-time containment control actions. Furthermore,
non-smooth continuous control protocols are proposed
by introducing the fast exponential reaching law and
double exponential one to eliminate the chattering phe-
nomenon and achieve practical containment control.
Subsequently, accurate and practical finite-time contain-
ment control protocols are designed to make followers
converge and remain within the convex hull formed by
leaders along or near desired trajectories, respectively.
The main contribution of the paper is mainly two-fold:
(1) For directed perturbed networks with mobile agents
modelled by double-integrator dynamics, new finite-time
containment control schemes are proposed to guarantee
the achievement of containment control in finite time
by applying sliding-mode control method and reach-
ing law technology; (2) Two novel practical finite-time
containment control approaches are proposed, which
quickly limit the followers to the scope formed by lead-
ers, thereby better embodying the practical application.
Moreover, the approach with faster convergence rate is
given through comparison of these two different control
approaches.

The remainder of this paper is organised as follows.
In Section 2, the fundamentals of algebraic graph the-
ory and matrix theory are given, so are some defini-
tions and lemmas. The multi-agent network dynamics is
elaborated with the network topology for the problem
statement and the network errors are defined to obtain
the error dynamics of the whole network in Section 3.
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Different control schemes are developed in Section 4 for
achieving accurate and practical containment control;
then, the protocols with faster convergence are proposed.
Section 5 presents some simulation results. Finally, the
conclusion is given in Section 6.

Notation

The notation used here is fairly standard except where
otherwise stated.Rn andR

n×m denote the n-dimensional
Euclidean space and the set of all n × m real matrices,
respectively. The notation C� 0, whereC = [ci j] ∈ R

n×n

is a realmatrix,means thatC is a non-negativematrix and
its entries are all non-negative. MT represents the trans-
pose of the matrix M. 0 and I denote the zero matrix
and the identitymatrix of compatible dimensions, respec-
tively. diag(���) represents a block-diagonal matrix. ‖A‖1
and ‖A‖� refer to the 1-normand�-norm of amatrixA,
respectively.

2. Preliminaries

2.1. Algebraic graph theory andmatrix theory

For a network ofn agents, the interaction for all agents can
be naturally illustrated by a directed graph G(V, E,A),
where V = {ν1, . . . , νn} denotes the set of limited nodes
representing the agents, E ⊂ V ×V denotes the set of
edges andA = [ai j] ∈ R

n×n represents the non-negative
weighted adjacency matrix. If the edges of graph connect
the ordered nodes, then it is called the directed graph. The
edges of graph are defined as εij = (ν i, ν j), where node ν i is
called as its tail and node ν j is called as its head. If εi j ∈ E ,
then aij > 0, meaning that node ν i can receive informa-
tion from node ν j; moreover, j � Ni, where Ni = {ν j ∈
V, (νi, ν j) ∈ E} is the neighbour set of the node ν i, oth-
erwise, aij = 0. Generally, let aii = 0, i = 1,… , n, mean-
ing that the nodes cannot connect with themselves. The
Laplacian matrix of graph L = [li j] ∈ R

n×n is defined as
lii = ∑n

k=1,k�=i aik, lij = −aij, j � i. So, its important prop-
erty is that its row sums are all zero. A directed path is a
sequence edge of the form (ν1, ν2), (ν2, ν3),… , where v j
�V. The directed graph is strongly connected if there are
directed paths between all distinct nodes.

LetZ ∈ R
n×n denote an n-order real matrix set whose

non-diagonal items are all non-positive. If C ∈ Z and its
principal minors are all positive, it is defined as non-
singular M-matrix. If |cii| >

∑n
j=1, j �=i |ci j|, i = 1,… , n, it

is said to be strongly diagonally dominant.

2.2. Definitions and lemmas
Definition 2.1: Let X be a subset in a real vec-
tor space S ⊆ R

n, the convex hull Co(X) is defined
as

Co(X ) =
{ n∑

i=1

αiχi|χi ∈ X, αi ∈ R, αi ≥ 0,
n∑

i=1

αi = 1

}

Lemma 2.1 (Yu et al., 2005): Consider the following
system:

ẋ = f (x, t ), f (0, t ) = 0, x ∈ U0 ⊂ R
n (1)

where f : U0 × R
+ → R

n is continuous differen-
tiable with respect to x on an open neighbourhood
U0 of the origin x = 0. Suppose that there is a
continuous differentiable positive definite function
V (x, t )(V : Û × R

+ → R
+, Û ⊂ U0), such that

V̇ (x) + αV (x) + βV γ (x) ≤ 0, where α > 0, β > 0
and 0 < γ < 1, then the origin of system (1) is finite-time
stable. And the upper bound of the settling time is satisfied
with T ≤ 1

α(1−γ )
ln αV 1−γ (x(t0))+β

β
.

Lemma 2.2 (Yang & Yang, 2011): The non-singular fast
terminal sliding-mode (NFTSM) is described as

s = x + αsig(x)γ1 + βsig(ẋ)γ2 = 0 (2)

where the function sig(x)α = |x|αsgn(x), sgn(x) is a sym-
bol function and α > 0, β > 0, 1< γ 2 < 2, γ 1 > γ 2. Then,
the dynamic (2) is finite-time stable, and it converges to the
equilibrium point x = 0, ẋ = 0 in a finite time determined
by

T = γ2|x(0)|1−1/γ2

α(γ2 − 1)

· F
(

1
γ2

,
γ2 − 1

(γ1 − 1)γ2
; 1 + γ2 − 1

(γ1 − 1)γ2
;−α|x(0)|γ1−1

)

where F(·) denotes the Gauss’ hypergeometric function
(Abramowitz & Stegun, 1972).

Lemma 2.3 (Qu, 2009): Suppose that the directed
topology is strongly connected and its Laplacian
matrix is denoted as L. Let the diagonal matrix
B = diag{b1, . . . , bn}. If bi > 0 for at least one i, then
L + B is a non-singular M-matrix.

Lemma 2.4 (Hong, Xu, &Huang, 2002): Suppose that a1,
a2,… , an are positive and 0 < p < 2. Then,

(a21 + a22 + · · · + a2n)
p ≤ (ap1 + ap2 + · · · + apn)2

3. Problem statement

For a group of agents, suppose that F = {1,… , m} and
L = {m + 1,… , n} denote the follower and leader index
set, respectively. Then,V consists of follower nodes set
VF = {νi, i ∈ F} and leader oneVL = {νi, i ∈ L}. The goal
of the paper is to design an appropriate control law to
drive the followers to converge to and keep within the
dynamic convex hull formed by the leaders in finite time.
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3.1. Network dynamics

The dynamic of followers and leaders are described
as

ẋi = vi, v̇i = ui + fi, i ∈ F
ẋi = vi, v̇i = ui, i ∈ L (3)

where xi ∈ R, vi ∈ R, i = 1,… , n. And fi ∈ R, i
� F represents the non-linear perturbation associated
with the ith follower. Let the vectors xF = [x1,… ,
xm]T, vF = [v1,… , vm]T, uF = [u1,… , um]T and f
= [f1,… , fm]T represent the position, the velocity, the
control and the non-linear perturbation vector of fol-
lowers, respectively, where ‖f‖� � ρ, and ρ repre-
sent the norm boundary of the perturbation. Let xL =
[xm + 1,… , xn]T, vL = [vm + 1,… , vn]T, uL = [um + 1,… ,
un]T represent the position, the velocity and the con-
trol vectors of leaders, respectively. So,x = [xTF , xTL ]T, v =
[vT

F , vT
L ]T and u = [uTF , uTL ]T are the position, the veloc-

ity and the control vectors of the whole network, respec-
tively. Assume that the time-varying control inputs of
leaders are unknown to a portion of followers, and
sup |ui| � σ , i � L.

3.2. Network topology

Suppose that the leaders have no communication
between each other and the communication between
leaders and followers is unidirectional, i.e. the leaders
issue the communication. So, the whole network commu-
nication is determined by the network topology between
followers and the one between leaders and followers.
Thus, the structure division of the Laplacian matrix L is
as follows:

L =
[

T Td
0(n−m)×m 0(n−m)×(n−m)

]

where T ∈ R
m×m, Td ∈ R

m×(n−m).

Assumption 3.1: Suppose that the topology between fol-
lowers is strongly connected, and there exists at least one
leader that has a path to each follower.

3.3. Network errors

Define the error functions as

e1i =
n∑
j=1

ai j(xi − x j), e2i =
n∑
j=1

ai j(vi − v j), i ∈ F

Hence, the error dynamic of the whole network is
described as follows:

Ė1 = E2
Ė2 = T (uF + f ) + TduL (4)

where E1 = [e11, . . . , e1m]T, E2 = [e21, . . . , e2m]T.
Develop the following lemma before proposing the

main result at first:
Lemma3.1 (Yu,Wu,&Song, 2011):Consider the directed
network given by the dynamics (3) and the error dynamics
given by (4). Suppose that the topology between followers is
strongly connected, and there exists at least one leader that
has a path to each follower, then T is non-singular accord-
ing to Lemma 2.4; moreover, the followers converge to and
remain within the convex hull spanned by the leaders if E1
= 0 and E2 = 0, particularly, they move along the desired
trajectories with the desired positions xdi and desired veloc-
ities vdi, i � F, where the desired state vectors are xd =
[xd1, . . . , xdm] = −T −1Tdxl and vd = [vd1, . . . , vdm] =
−T −1Tdvl .

4. Main result

According to the condition, if the followers can reach
the desired position finally, the following definitions are
given:

Definition 4.1: For the non-linear network described by
dynamic(3), if there exist ε > 0 and T(ε, xi(0)) < � for
all initial states xi(0), i = 1,… , n, then

(1) It is stated that the non-linear network has achieved
the accurate finite-time containment control when xi(t)=
xdi(t), v i(t) = vdi(t) for all t � T;

(2) It is stated that the non-linear network has achieved
the practical finite-time containment control when
‖xi(t)− xdi(t)‖ < ε and xi �Co{xj, j� L}, ‖v i(t)− vdi(t)‖
< ε and v i � Co{v j, j � L} for all t � T.

Next, design the distributed discontinuous control
protocol and non-smooth continuous control protocols
based on the idea of sliding-mode control and reaching
lawmethod to achieve the above-mentioned two different
kinds of finite-time containment control, respectively.

4.1. Accurate finite-time containment control

In this section, the distributed discontinuous protocol is
designed according to the idea of NFTSM.

At first, the sliding-mode error is defined as

si = e1i + αsig(e1i )
γ1 + βsig(e2i )

γ2, i ∈ F (5)
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where sig(X )α = [sig(x1)α, sig(x2)α, . . . , sig(xn)α]T for
vector X = [x1, x2, . . . , xn]T ∈ R

n. Propose the dis-
tributed switching control protocol:

ui = −
m∑
j=1

Ti j
βγ2

sig(e2j )
2−γ2 (1 + αγ1|e1j |γ1−1)

− δ

m∑
j=1

Ti jsgn(s j) −
m∑
j=1

Ti j[k1sgn(s j) + k2s j]

(6)

where T −1 = [Ti j] ∈ R
m×m, k1 > 0, k2 > 0. Then,

the following equations can be obtained:

S = E1 + αsig(E1)γ1 + βsig(E2)γ2 (7)

and

uF = −T −1

βγ2
[Im + αγ1diag(|E1|γ1−1)]sig(E2)2−γ2

− δT −1sgn(S) − T −1[k1sgn(S) + k2S] (8)

where diag(|E1|γ1−1) = diag(|e11|γ1−1, . . . , |e1m|γ1−1).
Because γ 1 > 1 and 1 < γ 2 < 2, the control input does
not contain any singularity.
Theorem 4.1: Consider the directed non-linear network
described by dynamic (3). Suppose that the topology
between followers is strongly connected, and there exists at
least one leader that has a path to each follower, then the
accurate finite-time containment control can be achieved if
the control protocol (6) is used where the parameter is sat-
isfied with δ > ρ||T ||1 + σ ||Td||1.
Proof: Choose Lyapunov functionV1 = 1

2S
TS; then, tak-

ing the derivative of V1 gives

V̇1 = ST {E2 + αγ1diag(| E1 |)γ1−1E2
+ βγ2diag(| E2 |γ2−1)Ė2}

= ST {E2 + αγ1diag(| E1 |)γ1−1E2

+ βγ2diag(| E2 |γ2−1){T f + TduL − T { 1
βγ2

T −1

[Im + αγ1diag(|E2|γ1−1)]sig(E2)2−γ2

+ δT −1sgn(S) + T −1[k1sgn(S) + k2S]}}}
= ST {βγ2diag(|E2|γ2−1)(T f + TduL)

− δβγ2diag(|E2|γ2−1)sgn(S)
− βγ2diag(|E2|γ2−1)[k1sgn(S) + k2S]}

≤ βγ2 max(|E2|γ2−1)(T f + TduL − δ)||S||1
− βγ2STdiag(|E2|γ2−1)[k1sgn(S) + k2S]

Because of the assumption that the system’s external
disturbance is norm-bounded, namely ‖f‖� � ρ, the

control inputs of leaders are satisfied with sup |ui| ≤ σ .
According to Holder inequality and matrix norm com-
patibility, it follows that:

V̇1 ≤ βγ2 max(|E2|γ2−1)(ρ||T ||1 + σ ||Td||1 − δ)||S||1
− βγ2STdiag(|E2|γ2−1)[k1sgn(S) + k2S]

When δ > ρ‖T ‖1 + σ‖Td‖1, then

V̇1 ≤ −βγ2STdiag(|E2|γ2−1)[k1sgn(S) + k2S]
≤ −βγ2 max(|E2|γ2−1)(k1‖S‖1 + k2STS)
≤ −βγ2 max(|E2|γ2−1)(

√
2k1V 1/2

3 + 2k2V3)

where Lemma 3.1 is used in the third step. The above
equation can be written as

V̇1 ≤ −ρ1(E2)V 1/2
3 − ρ2(E2)V3 (9)

where ρ1(E2) = √
2k1βγ2 max(|E2|γ2−1), ρ2(E2) =

2k2βγ2 max(|E2|γ2−1). Then, it can be obtained that the
system will quickly arrive at the NFTSM surface in finite
time according to Lemma 2.2 when E2 � 0, ρ1 > 0,
ρ2 > 0. Next, consider E2 = 0. Substituting control
input Equation (8) into model Equation (4) yields
Ė2 = −(k1 + δ)sgn(S) − k2S + T f + Tdul when E2 =
0 and E1 � 0. So, it follows that Ė2 < −k1 and Ė2 > k1
corresponding to S > 0 and S < 0, respectively. It is easy
to understand that the systemwill not always stay at point
E2 = 0 and E1 � 0. Meanwhile, assume that |E2| � ξ is
a neighbourhood of E2 = 0, where ξ is a small positive
number. So, two boundary trajectory intersections can
be achieved in finite time for |E2| � ξ , and any place in
the phase plane can reach the sliding-mode surface S =
0 in finite time. Then, the error vector quickly converges
to the origin in finite time along the NFTSM surface
according to Lemma 2.3. �

Remark 4.1: Under the inspiration of Yang and Yang
(2011), where the finite-time trajectory-tracking control
of single manipulator is considered, the finite-time con-
tainment control of a non-linear network with multiple
leaders is achieved in the paper, so the problem is much
more complicated.

Remark 4.2: When the control protocol (8) is chosen to
realize finite-time containment control, the effects of per-
turbation can be effectively counteracted on network per-
formance. But how to eliminate or weaken the chattering
needs to be focused on subsequently.
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4.2. Practical finite-time containment control

In this section, two kinds of continuous control scheme
are designed based on NFTSM error (5) through using
fast exponential reaching law (10) anddouble exponential
reaching law (11)

ṡi = −k1si − k2sig(si)γ (10)

ṡi = −k1sig(si)γ3 − k2sig(si)γ4 (11)

where k1 > 0, k2 > 0, 0 < γ < 1, γ 3 > 1, 0 < γ 4 < 1,
i � F.

At first, it is proven that the convergence rate of double
exponential reaching law is faster than that of fast expo-
nential reaching law in the following:

Theorem 4.2: For systems (10) and (11), the states of si
and ṡi converge to zero balance in finite time within T1 and
T2, that is, si = ṡi = 0within finite time T1 and T2, respec-
tively; moreover, T1 > T2 when γ = γ 4 .

Proof:

(1) According to systems (10) and (11) and the condi-
tions k1 > 0, k2 > 0, 0 < γ < 1, γ 3 > 1, 0 < γ 4 <

1, we obtain

ST Ṡ = −k1
m∑
i=1

|si|2 − k2
m∑
i=1

|si|1+γ < 0

ST Ṡ = −k1
m∑
i=1

|s|1+γ3 − k2
m∑
i=1

|s|1+γ4 < 0

which meet the accessibility of the sliding-mode
surface.

(2) In the following, it is proved that the states of
si and ṡi converge to zero balance in finite time,
namely, si → 0, ṡi → 0 in finite time. Assume that
the initial condition of the system is si(0) > 1, and
the whole convergence process is divided into two
procedures. Because 0< γ < 1, γ 3 > 1 and 0< γ 4
< 1, the first part and the second one of (10) play a
leading role when si(0)→ si = 1 and si = 1→ si =
0, respectively. So do two parts of (11). Thus, the
influence of the leading part is mainly considered
in two procedures.
For system (10), when si(0)→ si = 1 and si = 1→
si = 0, integrate both sides of equations ṡi = −k1si
and ṡi = −k2sig(si)γ . It can be obtained that the
finite convergence time is T1 = ln si(0)

k1
+ 1

k2(1−γ )
.

For system (11), the finite convergence time
is T2 = 1−si(0)1−γ3

k1(γ3−1) + 1
k2(1−γ4)

. When si(0) < −1,
the finite convergence times can be obtained by

Figure . Graphs of t1 = ln s(0)

k1
and t

′
1 = 1−s(0)

1−γ3

k1(γ3−1) .

substituting −si(0) into T1 and T2. The curve of
ln s(0)
k1

and 1−s(0)1−γ3

k1(γ3−1) are shown in Figure 1 when
s(0) > 1, so it can be seen that T1 > T2 when
γ = γ 4.

�

... Based on fast exponential reaching law
Propose the distributed non-smooth continuous control
protocol applying fast exponential reaching law

ui = −
m∑
j=1

Ti j
βγ2

sig2−γ2 (e2j )(1 + αγ1|e1j |γ1−1)

−
m∑
j=1

Ti j[k1s j + k2sig(s j)γ ] (12)

where k1 > 0, k2 > 0 and si is defined in (5). The above
protocol can be written in matrix form as follows:

uF = −T −1

βγ2
[Im + αγ1diag(|E1|γ1−1)]sig2−γ2 (E2)

− T −1(k1S + k2sig(S)γ ) (13)

Theorem 4.3: Consider the non-linear network described
by the dynamic (3). Suppose that the topology between fol-
lowers is strongly connected, and there exists at least one
leader that has a path to each follower, then the network
trajectories will converge to the neighbourhood of sliding-
mode surface if reaching law (10) and control protocol (12)
are used; moreover, the convergence domain ||S|| ≤ � =
min{�1, �2}, where

�1 = ‖T ‖∞ + σ‖Td‖∞
k1

,
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�2 =
(‖T ‖∞ + σ‖Td‖∞

k2

)1/γ

(14)

More specifically, the network errors will converge to the
regions |e1i | ≤ 3�, |e2i | ≤ (�

β
)1/γ2 in finite time. So, the

practical finite-time containment control can be achieved
by choosing proper value of k1 and k2.
Proof: The sliding-mode error vector is S = E1 +
αsig(E1)γ1 + βsig(E2)γ2 . Consider the Lyapunov func-
tion V2 = 1

2S
TS. Differentiating V2 with respect to time

gives

V̇2 = ST {E2 + αγ1diag(|E1|γ1−1)E2 + βγ2diag(|E2|γ2−1)Ė2}
= ST {E2 + αγ1diag(|E1|γ1−1)E2

+ βγ2diag(|E2|γ2−1)[T (u f + f ) + Tdul]}
= STβγ diag(|E2|γ2−1)(T (u2 + f ) + Tdul )
= STβγ diag(|E2|γ2−1)(−k1S + T f + Tdul )

− STβγ k2diag(|E2|γ2−1)sig(S)γ

= −STβγ diag(|E2|γ2−1)(k1Im − diag{χ}diag−1(S))S
− STβγ k2diag(|E2|γ2−1)sig(S)γ

where χ = T f + Tdul = [χ1, . . . , χm]T .

(1) Regardless of non-linear disturbance, let the
velocities of the leaders be constant, namely, χ =
0, then

V̇2 = −STκ1S − STκ2sig(S)γ

where κ1 = k1βγ diag(|E2|γ2−1) and κ2 =
k2βγ diag(|E2|γ2−1). Assume that E2 � 0, then κ1
and κ2 are positive definite matrices, then obtain

V̇2 ≤ −2λmin(κ1)V2 − 2(γ+1)2λmin(κ2)V2
(γ+1)2

The network error dynamic can arrive at
the sliding-mode surface in finite time from
Lemma 2.2. Furthermore, the network error
approaches zero in finite time. So, the finite-time
containment control has been achieved. Substi-
tuting Equation (13) into Equation (4) yields:

Ė2 = − 1
βγ2

[Im + αγ1diag(|E1|γ1−1)]sig2−γ2 (E2)

− (k1S + k2sig(S)γ )

It can be obtained that Ė2 �= 0, when E2 = 0 and E1
� 0, so the finite-time reach ability of the terminal
sliding-mode surface is still guaranteed and E2 =
0 is not the attractor in the reaching phase.

(2) Consider the non-linear disturbance and
time-varying velocity of leaders. If k1Im −

diag{χ}diag−1(S) is a positive definite matrix,
then V2 has the fast convergence form, so it can
be obtained that V2 → 0 in finite time. If the
parameter k1 > (ρ‖L1‖∞ + σ‖L2‖∞)‖S‖, the
network error trajectory can arrive at ‖S‖ � �1
in finite time. And

V̇2 = −STk1βγ diag(|E2|γ2−1)S − STβγ diag(|E2|γ2−1)

× (k2Im − diag{χ}diag−1{sig(S)γ })sig(S)γ

With similar analysis, the network error trajec-
tory can arrive at ‖S‖ � �2 in finite time if k2 >

(ρ||L1||� +σ ||L2||�)/||S||γ . In conclusion, the net-
work error trajectory can arrive at the neighbour-
hood of S = 0 in finite time. And

Ė2 = − 1
βγ2

[Im + αγ1diag(|E1|γ1−1)]sig2−γ2 (E2)

− (k1S + k2sig(S)γ ) + T f + Tdul

When E2 = 0 and ||S|| > �, it follows that:

Ė2 = −(k1Im − diag{χ}diag−1(S))S − k2sig(S)γ �= 0

Ė2 = −k1S − (k2Im − diag{χ}diag−1{sig(S)γ })
× sig(S)γ �= 0

So, the finite-time reachability of the terminal
sliding-mode surface is still guaranteed and E2 =
0 is not the attractor in the reaching phase.

(3) Because ‖S‖ � �, ‖si‖ � �, i = 1,… , n, let

si = e1i + α
∣∣e1i ∣∣γ1 sgn(e1i ) + β

∣∣e2i ∣∣γ2 sgn(e2i ) = φi

The above equation can be written as

e1i + α
∣∣e1i ∣∣γ1 sgn(e1i )

+
(

β − φi

|e2i |γ2 sgn(e2i )

)
|e2i |γ2 sgn(e2i ) = 0

So,|e1i | ≤ (�
β
)1/γ1 when α >

φi
|e1i |γ1 sgn(e1i )

and

|e2i | ≤ (�
β
)1/γ2 when β >

φi
|e2i |γ2 sgn(e2i )

. More-
over, the network position error converges to
the region|e1i | ≤ α|e1i |γ1 + β|e2i |γ2 + |φi| ≤ 3�
in finite time with the NFTSM dynamic.
Due to the relationship of the network error
with position and velocity tracking errors
meets x̃ f = T −1E1, ṽ f = T −1E2, the follow-
ers can achieve ‖xi(t ) − xdi(t )‖ < ‖3T −1�‖
in finite time. Moreover, when k1 = k2 ≥
max{ρ‖L1‖∞+σ‖L2‖∞

�1
,

ρ‖L1‖∞+σ‖L2‖∞
�

γ
2

}, �i � 1,
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i = 1, 2. Then, �2 < �1 due to 1/γ > 1. With
the relationship of error convergence domain
with � = min{�1, �2}, high-precision tracking
performance can be obtained by adjusting k1
and k2 so as to make the motion trajectories of
followers converge to the convex hull spanned
by the leaders and the non-linear network (3) to
achieve practical finite-time containment control.

�

... Based on double exponential reaching law
In order to accelerate the convergence, propose the dis-
tributed non-smooth continuous control protocol apply-
ing the double exponential reaching law according to
Theorem 4.3, then

ui = −
m∑
j=1

Ti j
βγ2

sig2−γ2 (e2j )(1 + αγ1|e1j |γ1−1)

−
m∑
j=1

Ti j[k1sig(s j)γ3 + k2sig(s j)γ4 ] (15)

where k1 > 0, k2 > 0 and si are defined in (5). The above
protocol can be written as follows:

uF = −T −1

βγ2
[Im + αγ1diag(|E1|γ1−1)]sig2−γ2 (E2)

− T −1(k1sig(S)γ3 + k2sig(S)γ4 ) (16)

Theorem 4.4: Consider the non-linear network described
by the dynamic (3). Suppose that the topology between
followers is strongly connected, and there exists at least
one leader that has a path to each follower, then the net-
work trajectories will converge to the neighbourhood of
sliding-mode surface S = 0 if the reaching law (11) and
the control protocol (15) are used; moreover, ‖S‖ ≤ � =
min{�1, �2}, where

�1 =
(

ρ‖T ‖∞ + σ‖Td‖∞
k1

)1/γ3
,

�2 =
(

ρ||T ||∞ + σ ||Td||∞
k2

)1/γ4
(17)

More specifically, the network errors will converge to the
regions |e1i | ≤ 3�, |e2i | ≤ (�

β
)1/γ2 in finite time. So, the

practical finite-time containment control can be achieved
by choosing proper value of k1 and k2.
Proof: Ideas are similar with Theorem 4.4. �
Remark 4.3: Using non-smooth continuous control pro-
tocols (12) and (15) makes the followers converge to the
regions in the convex hull formed by the leaders in finite
time. The control laws are continuous, so no chattering

Figure . No.  topology.

appears. Fractional power items sig(S)γ and sig(E2)2−γ2

incorporate the advantages of linear control and discon-
tinuous control, have the advantage of being robust and
of eliminating chattering. And adjusting the parameter
values makes the residual error range gradually narrow
down, which can achieve practical finite-time contain-
ment control.
Remark 4.4: The proposed control protocols (6), (12)
and (15)make the followers converge to the regions in the
convex hull formed by the leaders in finite time for the
perturbed network (3) under the directed topology. Of
course, the above-mentioned non-smooth control proto-
cols are also effective for perturbed networks with undi-
rected topology between followers.

5. Simulation results

In this section, for a group of 10 agents, simulation results
are presented for two different kinds of network topolo-
gies to validate the theoretical results proposed in the
paper. At first, for the network topology with undirected
communication between followers, the simulation results
are presented for the proposed controllers in the paper
in comparison with the controller proposed in Zhao and
Duan (2015), which is shown as follows:

ui = −k1sgn

⎡
⎣ n∑

j=1

ai j(xi − x j)

⎤
⎦

− k2sgn

⎡
⎣ n∑

j=1

ai j(vi − v j)

⎤
⎦ (18)

where i = 1,… , m. The network topology is shown in
Figure 2, where Fi, i = 1, 2, 3, 4, 5, 6 are denoted as fol-
lowers and Li, i = 1, 2, 3, 4 are denoted as leaders. Con-
sider the finite-time containment control problem of the
network in two-dimensional space. And the non-linear
perturbation is chosen as fi = [sin (xi) + sin (v i), cos (xi)
+ cos (v i)]T, i = 1, 2, 3, 4, 5, 6.

The parameters of the control protocol (18) are cho-
sen as k1 = k2 = 25, the trajectories of agents are
shown in Figure 3. In the subplots, the circles at the
vertex positions of the parallelogram frames denote
the positions of the dynamic leaders at t = 0 s, t =
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Figure . Trajectories of agents using the controller of the reference Zhao and Duan () under No.  topology.

20 s and t = 40 s, respectively. And the circles on the
left side denote the initial positions of the followers;
moreover, the circles within the parallelogram frames
represent the desired positions of the followers dur-
ing moving at t = 20 s and t = 40 s, respectively. Fur-
thermore, the solid lines depicted by leader positions
represent the trajectories of the leaders, the other six

kinds of solid or dash lines represent the actual tra-
jectories of the followers, and the parallelogram frames
represent the dynamic convex hull formed by the leaders.
It can be seen that all followers converge to and remain in
the dynamic convex hull formed by the leaders without
moving along the desired trajectories after about 11 swith
the aid of snapshot at t = 20 s and t = 40 s. Then, the

Figure . Trajectories of agents using NFTSM control under No.  topology.

Figure . Trajectories of agents using fast exponential reaching law under No.  topology.
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Figure . Trajectories of agents using double exponential reaching law under No. topology.

Figure . No.  topology.

parameters of the control protocol (6) are chosen as β =
1, α = 1, δ = 50, γ 1 = 1.44, γ 2 = 1.2 and k1 = k2 =
25, where the value of parameter δ is satisfied with the
requirement of Theorem 4.2. The trajectories of agents
are shown in Figure 4. It can be concluded that all follow-
ers converge to and remain in the dynamic convex hull
formed by the leaders and move along the desired trajec-
tory after about 12 s. It can be seen that the accurate finite-
time containment control is achieved. Furthermore, the
parameters of the control protocol (12) are chosen as β =
1, α = 1, γ = 0.5, γ 1 = 1.44, γ 2 = 1.2 and k1 = k2 = 25.
The trajectories of agents are shown in Figure 5. Similarly,
the parameters of the control protocol (15) are chosen as
β = 1, α = 1, γ 1 = 1.44, γ 2 = 1.2, γ 3 = 1.5, γ 4 = 0.5
and k1 = k2 = 25. The trajectories of agents are shown

in Figure 6. It can be obtained that the followers all move
into and remain with the dynamic convex hull formed by
the leaders after about 7 and 4 s using two different reach-
ing laws, respectively, and they are all located near the
desired position even though they do not move along the
desired trajectories. Hence, it is obviously seen that not
only the accurate finite-time containment control but also
the faster practical finite-time containment control can be
achieved by applying the control schemes proposed in the
paper.

Then, consider the directed topology shown in
Figure 7. The parameters of the control protocol (6),
(12) and (15) are chosen as the same with the above-
mentioned, and the trajectories of agents are shown in
Figures 8–10, respectively. It can be obtained that the
accurate containment control is achieved after about 13
s in Figure 8, and the practical containment controls are
achieved after about 9 and 7 s in Figures 9 and 10, respec-
tively. So, it can be concluded that the convergence rate of
the control scheme based on double exponential reach-
ing law is much faster than that based on fast exponen-
tial reaching law. All simulation results are consistent
with the corresponding theorems. However, the control

Figure . Trajectories of agents using NFTSM control under No.  topology.
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Figure . Trajectories of agents using fast exponential reaching law under No.  topology.

Figure . Trajectories of agents using double exponential reaching law under No.  topology.

protocol (18) is not effective under the topology with
directed communication between followers. In conclu-
sion, it can be seen that the proposed controllers not only
provide faster convergence rate but also achieve accurate
and practical finite-time containment control under dif-
ferent directed topologies.

6. Conclusion

The finite-time containment control problem of non-
linear multi-agent networks is studied in the paper. We
define the network error based on the relative position
and relative velocity information. Thus, the finite-time
robust containment control problem can be transformed
into finite-time stability problem of the network error
system. Distributed discontinuous control protocols and
non-smooth continuous ones are designed based on
sliding-mode control idea and the reaching law method
so that the followers converge and remain within the
dynamic convex hull formed by the leaders in finite time.
Especially, by applying the finite-time stability theory, it
is proved that the followers can move along or nearby the
desired trajectories and keep within the dynamic convex
hull formed by the leaders in finite time as long as the
control parameters are chosen appropriately, to achieve

the accurate and practical finite-time containment con-
trol. Meanwhile, the control scheme with double expo-
nential reaching law is proven to converge faster than
that with fast exponential reaching law. Numerical sim-
ulations illustrate the effectiveness of theoretical analy-
sis. Future efforts include generalising the results to the
case of high-order multi-agent systems and considering
the case of dynamically changing interaction topologies.
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